
DOutline :

I
. Classifying spaces

2
.

( B , f ) - structure

3
. Manifolds with ( B , f ) - structure

4 . Pontrjag in - Thom isomorphism and

Thom Spectra



I
. Classifying spaces .

O (A ) : = { ad isometries f : A→ A }

VA . B = OA'loBeanigold-

whereBEA arerectorspaces. Ifwedenote Bt in A

by C ,
then VA 1 B can be identified with the set of allcfram
⼀

in A , ie ,

al isometries from cintot

Grassmanian (Manifold GA , B
= OCA ) (O (B ) × O (C)

O (B ) × O ( C ) is identified with a subgroup of O (A ) via



( fig ) → fag ε Oct )

GA , B can be identified withthesetofall c -din⼀

subspace oft
'

c = dim C
.

There is a canonical map ,
which is an O (c ) - bundle

.

PAB: VA , B→ GA
, B

And associated C- rector bundle

PA 1 B
: EAB = VABXOLC)C → GAIB,

where EA ' 13 Can be identified with { CS , X ) I SEGA 1
B ,
XES}



Ganss
mp

e : M"
→

OA an cembedding ,

ve : = the normalbundle ofea
"
) ≤ AxA

.

Choose arbitrary BEA ,

with dimB = n
,
then there

is a bundle map ccalled the Gauss map )

γe : ve → PAB



Suppose we have BEAEA , thenwehave

iA
,
A
, B

)

VA 1 B → VA , B + AL

PA ,B ↓ θ ↓ PAI
, BtAL

GA 1 B
→ GA

1 , B+AI

i
"

A
, A ,B

where I
'
A . , AiB : a c - frame f in A s C- framef in A .

,

and i
"

A , , A , 3 : c - dim subspace of As … inAn

IAI
,
A 1 B : PAIB→ PA , BHAIisanO ( C) - bundle mop .



laking the dinect limit over all AEIRs containing C ;

we havetheuniversalO ( c)- bundle

PC : EO (c ) → BO (C )
,

j
'

A . , A , B

VA
,
B → VA , B

PA , B ↓ ⼝ ↓ PA, B

GA
( B → GA

, , B

j
"

A , A , B

jA . A ,1 B : C - framein A 5 CHAtI) frame in A ,

f → f + IAI



j
"

AAB : UEA D UTAI EA .

Thus taking divect limit oven all Acontaing c and A 1
= A ④ D

jc
, ctD

we have EO (C) → EO (CtD )

lpc λ ↓ Pc+ D
BO (c) → BO ( CtD )

j
"

c , CtD

For A , C orthogonal in IR
∞

VB
,
A
= X VD

,
CI —→

W
'

A , B , C , D

UB+D
, ( A+ C )

+

PB , A+ × OD , cL ↓ ⼝ ↓ PB +D , A+C)
H

ω
"

ABC . D

GB
, AtX GD , ct
— → GB+D , A +CC )

<



W

'

A , c

EO (A ) × EO ( C ) → EOCA+ C )

↓PAxPc 2 ↓ PAtC

BOLA ) × BO ( C )
w

"

A . c

→ BO ( A+C)



- Some property

ca7 EOCC ) is contractibe

I VA , ct is la - c - 1 ) - connected a= dimA
,
c= dimC

,

taking direct limit we have all homotopy groups of EOlc ) venish ,

and EO ( C ) is a oW - comp ex ,

thus ontractibe I

( b ) A , C orthogonal ,a = dimA ,
c = dimc = 2 , then

sa → BOCA ) →
j
"

A , A + C

BO ( A+ C )

I OCA+ C ) YOLA ) → EO (A+C) ( O (A ) → EO (A+ C) ( O ( A+C )
" 1 "

sa BO (A ) BO ( A+ c )



O (A ) → OLA
)

↓ ↓
i
'

A , A+ c

EO (A ) → EO (A+c )

↓ ↓
BO (A ) EOCAtcfoAt

、 ↓R
j
"

A , A+ C
EOCA+C) ( O (A+c ) I



2
.

( B , f ) - structure

I6 : poset of all finitedimsubspaes of (R
∞

,

closed unelder sum
n

o : cofinal subset of It , morphism isometries
.

A ( B , f ) - structure R= CB , f , λ )

callularmops
B functor o → basedcwomstexer

α λ λ A . c : BA →BAEC in o

f - natural trans formation , f : B→BO

and fA : BA→ BOLA ) is a fibration



BA →
PAC

Bc

fA ↓ ↓ fc
j
“

A , c
BO (A ) BOCC )→

Furthermore
, a multiplicative 2- structure has

MA , c

BAXBBAtC—

↓fA × fc ↓ fAtc

BOCA ) × BO (C )→
w
"

A . c

BOLAtc )

M is unital ,
associative

.

4
.

For two UB , f 7 - strncture B and B , suppose one
'



is also a cofinal subset .

Then a (B ,f ) - map g is of course

a natural transformation fomR o B '

λ A ,
C

BA → Be

↓g (A ] ↓ g ( c )

B' A
→ A . c

B
'

c

If R and B are muttiplicative ,thenwe aleo require
BAXBC → BA+ C

MA 1 C

↓g (A ) × g (c ) ↓ gcAtc)

B
' AXBc → BAtc

MA , c

If R is a CB , f ) - structure , werequive there is a



(B , f ) - map g :EO → 服

Example : BO , EO

Example : For G a subgroup of 0 ,

and GCA ) E GCC ) ,

GCA ) X GCC) → GCAtC ) for A , c orthogonal . Define

BGA = EO (A ) ( GCA )

Then there is a canonical fibration

BGA = EOLA ) ( G → BO (A) = EOLA )YOA)

for each A .



λ A , C : EO (A ) ( GCA ) → EO (c ) ( G (C) ,

MA , C
: BGAX BGC → BGA + C

gA : EO (A ) → EOCA ) ( G (A )
.

Example : Bso
, SOCA ) ≤ OCA ) ,

Example :ConsiderIRswithbasis { b .
i ba … } as the

complexspace
Q

∞withbasis { bi , bs , …
, b2 n - … } and

b 2n = ib 2n - 1
.

p : a complex subspace of ¢∞ .



U(p) : ¢ - linear isometvies from p o P
.

U (p ) ≤ O ( p)

Thus we can define BUp = EOUP ) ( U ( P ] ,

P ε B : = { allcomplexsubspaces of ¢ 0

s

which is a cofinal

set in al
.

Example : H
1

∞ =HH { b , b
5… , bantt… S.

H= ( R④ IR: ④ ( Rj ④ (Rk
,
with

ij = - ji = k , jk
= -kj = i

, ki = - ik = j



Note that IHH = ①④①j .

Let so be all 1H1 - spaces ,
which is a cofinal set of oh .

For a H 1 space Q , Sp ( Q ) : = allH 1 - isometries
.

< 承 xjb 4j+ , 承 yjb 4j+ 1>= 社 xjyj ,

where at bitcj + dk = a- bi- cj - dk .

Then Sp ( Q ) ≤ U (Q) ≤ OcQ ) ,

Thus define BSPQ. = EO ( Q ) ( Sp ( Q) .



Remark : EO → BSp→ BU → BSO → BO
.

EUBESp ( Q ) E UCQ ) for Q antlspace .

U (p ) ≤ socp ) for p an 4 - space .

Some properties .

PEQ complex spaces , dimoQ = dimo Pt 1
,
then

λ p , Q

fibration S
2Pt 1
→ BU ( P ) → BU (Q )

PEQ (H - spaces , dimHQ = dimH P t 1 ,
then

fibration S
4p+3
→ BSp ( p ) → BSp ( Q )

.



3
. Manifolds with ( B ,f ) - structure

A manifold with lstructure CN
"

,
e , g ) consists

compact

of I .

A smoothmanifold inn .

2
. An embedding e : M

"

→ A
,
with A contains some

Coo and the dimension of ct in A is n
.

3
.

A mup g
: M

"

→ BC , diagram commutes
.

BC

→ 18og

Mr → Bolc )z



where p is the composition of Pelnn : M
"

→ GA , c
=

and the canonical map GA
, cr
→ BO (c )

.

We need to identify some 2 - structures on a manifold .

I
. IF C

'

EA and C
'

≈ C
,
A

'

≈ A
,
then we shall

identify ( M"
,

e , g )with( M ",
e

'
,

g " )

2
. If CoEO and CoMA = C

,

then let Ao = A + Co
.

then ue identify (M
"

, e , g ) with (Nn , E , G )

E : M
"

→Ae → A 0



G : M
" Bc →c
,c0

Bco
.

4
. If M"hasboundary, thennwe an choose A

= (RutA
'

where (Rn orthogonal to it ',and CEA
' ,suchthat

e( M
"

, 2 M
"

) E CA
'

+ (Rtu
,
A " )

2 Mninherites the 2 - structure of M
"

.

5
. If R is multiplicative ,

CM
,

n
"
, e , , g 1

) ,(
M

吃
,
er

, n 2
)

will produce ( M ,

" xMze
, e , g ) with

e = eixe 2 : ( M

"

XM→ A ,
+ A

2 ,



g : M
.
" xMin →BCxBc 2→

M

Be + cz



Example : EO - structure .

An E0 - structuwe on ( M"
,

e , g ) correspondsto

a framing of the normal bundle ve of M
"

.

"

…“↓→

上增。 "∵P
Botoa,ca→GAicM^→

i
relmn

π og ' = i 0γelam ,



了 : Mce ) → M
" XIRC

( ecm ) , v ) → ( m ,
k , … , kc )

where Vo recm ) ,
the normal space of point m ,

g
"
( m ) = { b . ,

b
2 , … be ) . V = kib ,

t … t kobe
.

「



Example : Bs0 - structure

Mnisoriented iMn)oriented

E3 Mn has a Bs0 - structure .

[ Hu ( B ( m ) ; ∂ Bmi )Hucumiaum)HncM "
,
M

"
- { m3 ) I

Define GA ,
cio

:

0业
,oriented c- pliane in A .

SO (c ) × O (ct )

If T ( Mn
)

orientable, let IBmI be an orientation of TmM
"

ε

A
.

let BmI betheorientationofNcelm , suchthat

IB 的 IU [ Bm
"

I = ICIIUICI
.



Thus me hove such diagram

GG
, ct
→ BSO ( C )

Pre d ↓
M
"
→ GA

, cd → BO (C )

Example : BU - structure

Every complex manifold has a Bu - structure
.

□



4
. Pontrjagin - Thom heorem and thomspectra

Let a be a UB
, f ) - structure .

er : I G (Re ④ (Rer ,
e
] ( t )

= os (πt ) e 1 + sin (πt ) e2

2

Λ
1

I→ G
2 . 1

= (RP
"
≈ 5 '→ BO ( (Re , )

BRe
Then me have a life sgt .

I→ Bo ( Re )



that is ( I , eI , 92 ) has ② - structure
.

For any a
- manifold cNa

"

, e , g ) ,
there is

.

( NM
"

× I , exe] , µ o (gxg 2 ) )

Define - CM
"

, e , g ) to be the restriction on t = IEI .

Define tuo 3 -manifolds ( Mn , e , g ) , ( N
"

, f , h ) are

bordant if there is aa -manifold ( wnt " , E , G )wi

γ ( Wn
+

"
,

E
, G ) = (M

"

,
e , g ) L 1 - ( N

"

, f , h )
.



2
R

:
equivalentclassofn - dim2 manifolds

Im
,
IH 7 is an abelian group :

Zero element IQI n I BI ,
B is the boundary

of some 2 - manifolds .

Invense : - IM
"

,eig 1 I = I - CM
"

,
e , g] ,

sincetheytogetherbound
M

"xI , exez , gxgIU( 7 ) ,

e, LHix3 - a gradedring.



Example : RB
0
is a 4124 - algebra .

R0= 」 2占 = 4

For a single point ,

there are two framings .

Namely ( I* }
,
F )

,
( { *} ,

- F ) = - ( { x} , F )
.

And

([ i* ' 5 ,FI F I {x }

, - F
]

25r = 4 ( 24
.

There is only one compact 1 - dim manifold ,
s

!
.

A framing is an element in π i ( Ocn ) ) ,



π (
( θ (n) ) = π , ( SO (n ) ] ≈ π , ( (RP

3
) for n≥ 3 .

Thus there are tho framings over s
'

.

I
.

The trivial one bounds D
2

.

2
.

18 , F ) not bounds, but-( s ' , F ) = ( 5 ' , F )
.



- Thom spectra

π : E → B a vector bundle
,

Dca ) - disk bundle
,
Sla ) - spherebundle

M (π ) ÷ D (π ) ( S (π ) .

Suppose we have 2 - manifold ( M"
,

e , g ) ,

Bc

㉙ ↓ fc
Mn →Bocyre

Thus ve = g
* ft ( Pc )

,
PC

,
the universal



C - rector bundle over BO ( C)
.

Define π 是 : =f * (Pc )

g : Ne → π是

We can associate amap 多 ( A
,c )to (M

^

, e , g )

多 : A
*
→ NEce ) / 2 Nε le ) → Mve→

Mg
M服

c ,

where MRC =M π整
.



Suppose UEV ,
Ut complement in V .

uv

Bu → Bv

↓fu ↓ 5v

BOlu ) → BO (V )
j
"

uv

⼊ UN *
π 整 = λ

*
u ,vf↓ ( Pv )

= fu* j
"

u , v ( P)

= fu* ( θ u= ④ Pu )

= θωt ④ π脑



Thus me define

MXu
, v

: UL * N MIu = M ( θu=④π登 )

→ MC π是 ) = M服V

The collection of all suchspacesNBu and these

structure maps is called the Thom spectrum M服 :

π n ( M服 ) : = li
器√
IV * .

M收
u ] .

The divect systemis takenoverall ( u , v ) with w = UI in

V
,
dimw = n . And if VEV ,

,
then



IV * , M服uI → IUi* ,
UI
*

N M及
u
]

→ IVi* , M 报UI

Moreoverifa ismutiplicative , then

MA , C : BAX BC → BA+C

induces MMAIC : MARAN NMARC →MRAtC ,

and EMM股 O IN ' M服 → πutnI M服 .



- The Pontrjagin - Thom Isomorphism .

2及 → π* M股

IMn , e , g ]
→ the image of 号 EIA

*
,
M及
c
]

in the divect limit FnM服

Let ( Wnt " , E , G )be abordism from

( Mn, e , g ) to ( Nn , f , h )

where e : M"
→

A ,
f : N " → A and

E : Wnt 1 → A + IRth
.



Then 号 A .
cC ( M

"

, eg ) l
( N"

, f ,
h ) ) : A

*
→MRc

But this map can
be extended to an upper semisphere

AtIRulI * t

. sincewehavemap

SAtRnic IWnt
' ) :HHIRUC I

*
→ MBcI

⼼运]soiesmd
- hmbpic

⼼切
m 巡?

m

∅

→ π
, ⇌☆… — …

……
“

1k 1



Corollary : Ry = π* ( S
0

)

I5 r =I0 = EnMEO

lote that πEQ = fu* ( Pu ) is a recorbundle over

EO (u ) .

Thus πEQ is trivial
,
MC πQ ) ≈ U *

.

πnMEO = i
器

√

[ v
*
, U
* ]

= 管 π n+k (Sk )

2r= 2 , Rtr= 2124 .


