
so . Double coset formulas ,

aε GlzlQ ), I , I , ongurene of SL2 (4) . Then R, acts on

I .2I 2 ,heheveorbit IIRxR2 = UR. Bj . Glt 1Q)gurante

thet theveare finiteorbits .

⼀

Hence we can define operator[I,XR셅 IK :MK( R. I → MK(II) by

fI沼αIK ( τ 1 = { fiBjIk (τ ) = { detβ
j

" j(βiτ) <fj (τ 1 ) ,

. fI2RIEMK(II ) : gEMK (II ) means thet FJ2EI2 ,

f [γIK (τ ) = j (γz ,τ)
-
Kf( γ2(τ) ) = f(τ ) . Hene

( fIIx2Ik) [ γ=IK (τ) = ( fIβ;]< ] [ γ<IK (τ )

= } jγ> ,τ )
-

kfIβjIk ( jzi )

= 予 dtp;
"

j (γz ,τ )kj ( βj , γ>τ )
-<f ( βj σzτ )

= 予 dtpj γikj " βj γz , τ 1kf<β; γrτ )

= { f [ B; γ셅]k (τ ) = { fIBj ] K( τ ) = fIRI 섯

since theaction of Pr onorbit IBjsisjustpermutation



Facts : IRXIIIK: MLI,I→NMK (RI1,sendscuspformsto cusp ,

§ 1 . Geometric interpetations1 inerms of divisors ) ,

.Consideα=I , IIRI= I 1Bj, withBjreprosentative

of INRI 2 . Iofourse URBj = R昭 . f PinRBjtod ,
then

γiBi = γ2 Bj
⇒γ z"

γ

iBi =Bj ⇒BjERnIBi . Notf thet P:
'

y , =

BjBi
ε
R 2. I

break exend
CGeometvic :ForI [⼼ 很;j→ jrbj

On modulercurues ,

Ʃ IMIBj[

Y(卫ΛI )
⼯

!\ ramify
→↓π, 三卫Bjτ

II Y (卫2 ]
mary

Y( ]

π* π z*
: Div( X(R1) → Div ( X(Il )召 [ → 予即J τ

functions : fε MK(.)hi
*Fi*fE NMKIRNI)is natural,Consider

as pullback. of
20
k
,while on

2
,oheanpushforword adiflerential

form via tr/Nr ( I don' tunderstend)



0 Generally ,

2
EGlit. Q). Onsider II R.2I2 ,

two eltsarein

thesameorbitE ) J γ , aBi ) = γ22 B2 E) 2
"

j:
'

fγ , αβ 1 =β2 ,

Hene 雪 tε 2I2 ^ I 2s .t. tp 1 =
B 2 . Hence , I1 R,αR2 =

Rarj, j 'sare representatives of 2
"I

,2 ^ I2 ( I2 . IseDs 5 . 1 .2]

{3 巧j ; α^□α^ 召 →卫^α1αγ
; ;
可

↓ !
㠯 𠙶 j了

II

The hovizontalmap inducesXiR31→ X( I3 ') I 3 I →IS' αLτ)

X (I3 )
_× X( 卫s

'
" Div ( X1 ⼁ → Div ( X ( I(1]

π↓ ↓π
X (P2] X (]

I ⼯ → 产 BS τ
the action on Ok, ispullbackalong iL. o 2

the pushforwand along
§ 2 . Diamond , Atkin - Lehner , Hecke operators Tπ 2

§2 . 1 .Diamondoperaor ( d>=R.( N)XI(N ) , XER1 N)with

α≡ IE 号 ] ,
8 ≡dmodN

Recall that I0( N ) :={ [出] I }



I (N): = { [ E ☆ ]≡ [ 0 ↑ ]}

0 → I .(N ) →I 0(N )→N4 ]
*
_→ 0 isexact

, π : [EU]→

dt IL(1 *
.
Nowletscompue pj

'

s
.
onsider the diagram
出(N)T R(1)ατ

αI ()αMR( N) → RCNIM α I( N)21 X(N ) →X (N)

↓ ↓ ↓ ↓
I (] I (N ) X셅 (N) X1 (N )

R (NJατ
I. (NII

Hene pj is just a .Sine R.(N) 2 =R (NII if π(α) = π L2
'

) = d ε

4INL I
*

. Hence we definecd > : IR ,INI2R (N 1IK ,
2E Ro(N) with

α= [E 多 I , s≡ dmodN ,

. Y (N) → { IE , Q) I Qhasexactordernlslu
!

☆ ( E[ , π^^τ ) } 1 m α=( 台☆
)⼀些dmodl

In this case ,
Aαi = 4a8 ⽥ 4

Ss
R. (N)[ → I (NJα[ A = 4 aτtb ] ④ 4 (Cτ+8 )

↓ ! “

( EC , TFACI LE2 [ π tAxτ ) Aτ =4 [+

Ss

( EI . +Λ|= ( E [' 下 M +^τ ]



s 2 . 2 .
Atkin -Lehner ,WN = IINIIK ,

I
.
(N) → I. IN )

at 2= IN "
I , then for B = [rdI = [ 6

* ImodN ,

α段 = [ π I[ E ☆][x
"

] = [品感] I ( N)

Hene 2I. (N) I
" E I

.
(N ) , for thesame cason2 I(NI 2 ER ,N )

=> α
"I (NI 2 = I (N ) . Diagram

R
( NIa[Remark: The

above
I (NIE

X1 (N ) → λ 1 (N ) alculetionalso olds

↓ ↓
I(M[

X 1 ( RN ) X((N )
I (NIα[ for I0(N)

Now I( NNI→ I (NI- 下

↓ ↓ A
-i π = Eπ ④ I

( Er , ☆ IAτ ) ( E -π ' π+ A -π 则 Ss

A
'
= 九 ☆ ④ L τ

Ss

( Er , π+ I' ]

Notethert A 'I ArandAYMr
=
(
TtLi )is anordern

subgroup of Ei, WecanviewEr - 4K ' ≈CIH I1AM

= Erl (TtMe 7 . At the meanwhik .LXtA ' >=EIINI / Cπ FMTD



whereEiINI = ( EIAr , + M[ > , ForEIINI= R ④ 4π 1 /Mτ ,

<π+ Ar ) = [④ Iπ 1 IL[ =⇒ EIINIKT HN [ > = ( +A' >

Remark : The operator wis is salledthe Atkin Lehver involution .

For WN o WN : I .(NJI →I (NIII - R( NIINNIT = I , INICis

identity on X , N)orX 01 N),

( Er , It Ar ) → ( EX , π+r' ) →(
Er " ,R +h

" ]

4TDL → O正成⼼]
§ 2 . 3 Hecke operatorsTp ,2 = I ' PI R.(

N )→ RNN

Bj =
I"

p
] j = 0 ,1 … p-I forpIN EIo(N)

d

Pj = I
' % ] j = 0…pH .P ∞= IYFIIP , IPIN
I ,(NII → (E [ ' T +Ar )

,INII ornesponds o

( E , 成 ×Λ), NNow
thelaticeΛ= 区早正 ,
need a pictune

Notethat Ar E .A; dand MI÷/Mr = (F
5
+ Aτ ) EE[可

is a subgroup of order p of Er intersece Lπ + Aτ> = hols



so if PlN ,
there ane exactly p subgroupoforder pofEc ,

they are C Tts tAr> . IfPXN , there are another one E F+A[ )

In thiscase ,et l = E[ ④ 4式 , El . π+l) ☆ (EP[ , 是⼩ Apτ )
“

In ounotherdinectionI( NIMPEPExp → [ ? , π^ l ? ]≥ E

,NPXIM)

whene r = 4 ( mprtn ) ④ I ( nPI+ N P ) =ΛprforImP*台 ] = I☆ 台 II 吃 ]

and IU 台 I ε Sl2(4) . Thenefune(Er ,NI, +MI= ( EP[, π P + Apτ ) ,

o summarize , TP : E , QI → 意EC ,
Q+C) where Qhas

exact order Nand , CisaonderP SubgnepofE LQ' MC = {o}
.

S§ 2 . 3 . 1 The intermidietamoduler curve
.

ISeeDS 1 .5 .6 ]

α
I

(NIα^R . ( N)= IP ( N , P ) = R ( N)M IO
(
p) , where

IO (p)= { IEUI ≡ I* *I modp Esl21415 . Thewmesponding

nodularcarve isYLNPILE, C ,Ol 1 Qexact orderN ,

C anorderpsubgroup ofEwh(Q)MC = {O} }

On theotherhand, I. ( )Mα I(NNI = I, 0 <N , p) =



cf . 7. 9. 3 D. S

R( IMPo(Np) , don't know whet it parametvize . X10 (N , p ) ,

the actionofTpcanfactorthroughi
…

( E ,Q 셅 +☆ LE , C . Q 1 ⼀

→EK
, EEIK
…

∵ 1→ { 1 E/c , 1

my guess
X 1 (N ) XY (N , P ) X0,州 P!

! X , (N )
…

⼀

ILNII 产卫(Mplτtj 产 0 cNp ' p
;

(以

§ 3 . old forms and New forms .

why these thingsmater ?

For SK ( I ,N) ,wantofindan ortogonalbasis .

Appwach : {Tn ,(n ) |gcd(n, N ) =13aotsonSKLIIN) ,

when gd in , N) = I , theseoperators are normal , i .e . TT
* = T

*T

Then by standard linear algebra ,SK (R .N) hasa basis of

simultaneouslyeigenformsfor{Ia , cn): ( n, N 1) = I }orthogonal
to

eachother
.

The limitationcwmesfrom
cn), Tn anenormal

N)=I

cf . PS
5.

52 , when gcdin ,

Remark : [ IXII *= II 2 IIk, 2
= detlal2 t. Inparticaler ,



if α^□α= 卫
,
ten [α]* = [ α]k =⇒ (p>

*
=< p)

^
,

Remark : In any ase ,
T
*
= WNTWN ,

T = Tuor <n> ,

withont the cwnstrainsongcdcn, N )

To removethe limitation of gd cn, N )= I
,it is necessang

to introduce newforms.ThenSK (I ( N 1 )=SKI .CNDMW ④SKCRCNJold

with eigenforms in newpartareeigenformsofal {Ia ,cn> }

Anold form can be obtainedbysome newforms in lower level .

§ 3 . I Definitions

If MIN ,
then I

, (NIE I, IM) ,hene SKILMI ) CSKCRIND

If d= NIM , fESK(I .(M ) )

.

Thenf[ [d , IHK (τ ) = dk- fidτ )

ESKLR. (NI ) . For J = IEYI ≡ [ '0 * ImodM ,

fd+ ,dγτ 1 = d
… f(y } 1 τ) = dk +f (dy ) dτ)

= dky xrty5kfcdτ ) .

So we defineid :SK( R(M) )SK(ILN)



id : f , g 1 → ftgIadIk ,

and SK(I, (N ) )
old

: = Ʃ id ( SK(I. (Y" PId) . Thisdefinitionl

dlN

canbe redued to the quivalent one

SK(R .(N ) |
0ld : = ,ip/ SK(I(NYp 1]

This i
'

s because imn factors as

im
( SK(I (N/mn) ]} → ( SK(R(NIm ) )

]
P →SKLR (N)

( f , g ) → ( 5 , gInIc ) → f + gImnIk

And we defineSK( I.N, Inew =S (INJold
)

,

§ 3 . 2 . Properties

SK(I,( N1ewandSK (I, (N 1,old
ane preserved by al

Tn , (n> , nt 4
t

.
=⇒ orthogonal basisl eagenp'ms) in each

new or old space ,

. Criterion ☆ :modify: ad I.SK( R ."Nld 1 ) →SKLRIN 1 )

by la : fir) s fide ) . If firl = ianifiq
"

,
then



laf (τ) = Ianlf1 qdn , q
- erniiu Thisimplies ,if fESK(R.(N)

with f = plpfp for some PIN , fPESKLR(NIP1 ) , then

f (r 1 = Ʃ anif 1 q
"

, anif 1 = 0 for all cn , N) = I. The converse is

also true : ID . s , 5 . 7 . 1 IIAtkin - LehnerI

If fE SKLI. (N 1) with fir 1 = Ʃanfiq
"

, anif 1 = o foral

(n , N) = I , thenf = ,( pfp, fPESKLR( NIp) ),

. If f is aneigenform for ( Tu , (n) , gedin, N =I ) ,
then

anifl = Cnaifl . Cn e-valueofTn overf ,gcd . n ,N ) = I .

so if aif 1 = 0 =) Gnlf 1 = 0 for allgdcn ,N 1 =L => f is old ,

for
cn.

N)=I ,

So suppose f isa newergenform ,
then aif ) to , assumeaif 1 =2 ,

C isew

Now let gm = Tmf - amifif.ThenIngm=ngmforal C, N )= I
1, Gmsf7 always true

But ailgm ) =aiTmf 1 - amf = 0 =⇒ gm is old =⇒ gm =0 .

Thus f a new eigenform for, cns; n, NI= I}i' sactially a new

eigenfomnfor {Ta ,cn } ,



Remark : We also show that if f .g new eigenform ,orresponds

to thesame weight , ie .λ f =gf :In → 4 ,thenGuif 1 =Cnanf ) ,

ancg) = Cn dicg) =⇒ g= cf . Thatistheeigenspaefor Hecke alg T ane

all I- dimensional
,

Remark : If f ESK( I, (N1 )isaneigenformfor开 , theneither

f olt or new . ClearlyifGifi = 0 , then
fis old. Ifaif ) t 0 .

=I

ThenTuf= anifig tanifih = Tngt Tnh =) Tng - anfig , Tuh =

auifih .
Do thesamewithcnsshows , g , harebotheigenformfor

E . If hto ,
ie , ach)to

,
thenTuh =anchilach. h =)

anifi =anhilaich )⇒ f = hlaith) isnew .


