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Algebraic Theories

Agroupisaset Gwithc:GxG— Gandi: G — G.

Slogan: An algebraic structure is equivalent to some commutative
diagrams.
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Algebraic Theories

Algebraic Theories

Definition 1.1

An algebraic theory T is a category with objects {T°, T, ...},
And there are maps i : T" — T for all n> 0,1 < i < n, such
that T(T, T") 25 T[]0, T(Tk, TY) is a bijection.

This means T" is isomorphic to n-fold product of T1.

Definition 1.2
A model for an algebraic theory T is a functor F : T — Sets.
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Algebraic Theories

Question: What theory T would stand for the theory of groups?
T! =7/27, 7, or something else? T" =?

T" = (xy,...,xn) the free object of n generators in Grps.
T( Tn7 Tl) = Grp5(<xl>7 <X17 cee aXn>)'

X1 > X1Xo € T(Tz, Tl)
xi—xgte T(THTY

represent the structure maps required for a group.
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Algebraic Theories

Example: F = full subcategory of Algg, with obejects
{Fo,F1,...}, Fi = R[x1,...,x]. Let T = F°P. Let 7; be the
following:

N
R[x1, ..., %] < R[x1]
Xj < X1.
Then T is an algebraic theory of commutative R algebras, denoted

by Cg and any model A: T — Sets gives A(T!) a structure of R
algebras.

Multiplication: x; — x3x2.
Addition: x; +— x1 + xo.
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Algebraic Theories

Free Models

Given an algebraic theory T, and a model A, we usually abbreviate
the notation A(T1) by A.

Fr(n) = T(T",—): the free model of n generators.

For example, in the algebraic theory of commutative R-algebras:

F-,-(n)(Tl) =T(T", Tl) = Algr(R[x], R[x1, ..., xn]) = R[x1, ..., Xn].
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Algebraic Theories

Morphisms of Theories

Let ¢ : T — H be a functor between two theories, such that
#(T*) = H* with projection maps sent to projection maps.

¢* : Modely — Modelr

Example: the theory of abelian groups — the theory of Rings.

Tisa COT,ifd¢: Cgr— T for some commutative ring R.
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Algebraic Theories

Graded Algebraic Theories

Let C be a fixed set, and N[C] be the set generated by C.

Definition 1.3

A C-graded theory T is a category with objects { T%} den[C]s
together with, for each d = ¥ .ccdc[c] € N[C], a specified
identification of T9 with the product [( Tll)*d.
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Algebraic Theories

Example: Let C be N, we can define the theory of graded R
algebras as before. Let F = R[xc], where x. has degree c, and

[e] — Fop
T —F[C].

Addition: T2l — Tl x_ — a. + 8.
Multiplication: TIeIH[T — Tletel x o s x - xer.
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Algebraic Theories

Dyer-Lashof Theory

We want an algebraic theory which describes the algebraic
structure for m.(A), where A is an R-algebra.
R = commutative S-algebra.

M = an R-module. Note: [R, M]g =[S, M]s = moM.
Free commutative R—algebra on M:

Pr(M) = \/ PR(M)= \/ MAg-+-Ag M/Zp.

m>0 m>0
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Algebraic Theories

Given a commutative S-algebra R, let DLr denote the Z graded
theory T defined by

Definition 1.4

T(T[q]+---+[cm]’ T[d1]+---+[dn]) o
hAIgr(Pr(R A (S% V -V §%)), Pr(R A (S V - -V §))).

Remark: The R—mod spectrum RA (S V.-V 5) can be
viewed as R-module R{xc,...,Xc,} in commutative algebra. And
Pg turns the R-module into R-algebra R[x,, ..., Xc,]-
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Algebraic Theories

We see that taking homotopy groups defines a functor
7« : hAlgr — Modelp.
For we have
mq(A) = hMods(S9, A) = hModr(RAS9, A) = hAlgr(Pr(RASY), A).

Thus, DLk describes all homotopy operations on commutative
R-algebras.[Rezk]
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Algebraic Theories

If Ais a commutative S-algebra, then R As A is a commutative
R-algebra. Hence we have the composite:

R.:A— RAs AT RA

Thus DLk describes homology operations CAlgs.
If T is a space, then there is a commutative R-algebra

RT E Hom(XT,R).

Thus we have the functor R* : T°? — Modelp,,, the R
cohomology of a space is a DLr model.

15/31



Operations

Operations

Let f € Fr(n)(T!), and a1,...,a, € A(T?!), where A is any model
of T.

Let f o (a1, ..., an) denote the image of f under the map
Fr(n) — A sending x; to a;. We call the function:

foc: A" -5 A

the operation associated to f.
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Example: Let T = Cg, then we know that

Fr(n)(T) = Algr(R[x], R[x1, - . ., xn]) = R[x1, ..., Xn].
We abbreviate Fr(n)(T!) by R{x1,...,xn}.
Hence f o (a1,...,apn) is just f(a1,...,an).

If T isa COT, then we have
FT(n) = FT(].) ®R e ®R FT(l).

Hence we may focus on operations in Fr(1).
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They satisfies:

Xxa=a
(Ffxg)xa=fox(gxa)
(f+g)xa=fxat+gxa
(fg) xa=(f xa)(g x a)
roca=r
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Operations

Additive Operations

Furthermore, if f € R{x} satisfies
fO((31+32):fO(81+fOC32

We say it is an additive operation, denoted the set of all additive
operations by A.

A is an associative ring with product o, but not commutative in
general.
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Fr(2)(T) —22

X-I—)’T T(a,b)

Fr()(Th) ———

~
~

x1+1y ~ o
Fr(1)(Th) @ Fr(1)(T?)

R{x} has a additive coproduct A : R{x} — R{x1,xz} given by
X — X1 + Xo, corresponds to the structure map under addition.

Additive operations are those elements with primitive image.
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Operations

SETES

Cr: A= R -x= R when R torsion free. If R is a field of char=p,
then A = R(¢), where ¢ is Frobenius and

or = rPo.

Let T be the theory of R-algebras with G-action.
T isa COT. R{x} = R[x8 : g € G], A= R[G]
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Dyer-Lashof for Some Spectra

P"(S°%) = EX,, x5, (S°)""/EX,, x5, * = BE .

P™(S) = EX;y xx,, (ST)""/EXm Xx,, *
= BY,,, x dV,,/boundary = BY 4V,
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Dyer-Lashof for Some Spectra

Fr(lc] + - [cm]) = Pu(H A (S V - - S5m))°P and

Fr(cd + - [eml)ia) = hAIgH(Bu(H A S9), Py(H A (S v - S7))
= 1g(HAPSE A - PSm)
= Hg(PS A - PSm)

Hence by Kiinneth formula, we have

Fr(la] + - [em])s = Fr([a]) ®F, - - - ®F, Fr([cm])-

Hence DLy, is a COT.
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Dyer-Lashof for Some Spectra

Now consider operations mcA — e sA.

hAIg(Pr(H A ST°),Pr(H A S€)) = mesPr(H A S°)
Restrict our attention to 7TC+SIP’,2L,(H A S5€). Now
TersPZ(HASE) 2 oy ((HAP?SC) 2 Hy ((BE5Y?) = Hs_(RP%).

Hence we have

TersP3(H A S9)

0 ifs<c
Fr, ifs>c
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Dyer-Lashof for Some Spectra

So we have obtained Q° : mcA — 1A for any ¢ <'s.
Extended Q° over those s < ¢ by setting Q° = 0.

There for a model for DLy, is at least a graded I, algebra
equipped with such Q°: Ac — Acqs.

These @° satisfies some relations.
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Dyer-Lashof for Some Spectra

Dyer-Lashof Algebras for HIF,

For HIF, algebra A, m,A is a graded algebra equipped with Q°
O Q° are additive,
@ Q°(a) =0 fors < |a,
Q@ Q°(a) = a° for s = |a,
@ Cartan formula

As(ab) = ¥4 j—sQ'(a) Q/(b),

@ Adem relations

s —1\ . .
Q" Q% = Titjris (J iy )o'of

for r > 2s.
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Dyer-Lashof for Some Spectra

We focus on mpA for a K-algebra A.
hAlg(Pi(K), Pk (K)) = mo(K APS°) = Ko(\/ BEm).

The crucial thing is to compute KoBX 1.

; R(Xm)) i even
K(BZ"’):{ (o)l i odd
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Dyer-Lashof for Some Spectra

Mod p K-Theory

In mod p cases, things are getting easier.

; R(Zm)) ®Z/p i even
K(Bzm;z/p):{ ( )6 / i odd

and universal coefficient theorem:

K(BXm; Z/p) = Hom(Ki(BXm; Z/p), Z/p)).
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Total Power Operation and Individual Operations

Total Power Operation and Individual Operations

Suppose A is an R-algebra, for f : R — A, define Pp,(f) to be:

PR(f
R A B! = PE(R) ERO, PR(A) = A.

That is Py, : mpA — mo(ABTm).

Precomposing « € mo(R A BE}) = Ry(BX ) gives individual
operation Q¢ :

o n(r
R % RABE: = PR(R) AL, pmoay < A

29/31



Total Power Operation and Individual Operations

Let A= KX, then

7_‘_O(ABZ;) _ WO(KX)Bzx
— Mods(X A BE}, K)
= Kz, (X)

Pm: K(X) = Kg, (X*™) L5 Kg, (X) = K(X) @z R(Zm).

Then any u € Hom(R(X,),Z) will give an operation on K(X), for
example the Adams operations ™.

30/31



Total Power Operation and Individual Operations

Thank You!
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